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If we use numerical values to model “uncertainty”, simple axioms on 
these uncertainties follow the laws of probability => Bayes’ Rule


[Cox, 1946], [Jaynes, 2003]
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Conjugate Gradients
We can solve the linear system  iteratively instead of inverse(Knn + σ2I)−1b

Each step requires a matrix multiplication with     (cost ) Knn + σ2I ∈ Rn×n O(n2)

Algorithm converges in at most n steps but, in practise, for some tolerance ϵ

O ( cond(K + σ2I) log
cond(Knn + σ2I)∥b∥

ϵ ) cond(Knn + σ2I) =
λmax(Knn + σ2I)
λmin(Knn + σ2I)
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Large Domain AsymptoticsInfill Asymptotics

Issue: redundant data creates rank deficiency in Kxx

Conjugate Gradients
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• Can we cross the  hurdle using SGD?𝒪(n3)

• SGD needs - 

• Parametric view of model

• Unbiased mini-batch objective

• Linear scaling with n
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• We have

μf∣y(X*) = K*n (Knn + σ2I)−1 y

μf∣y(X*) = K*nv* = ∑N
i=1 K*iv*i
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• Where v* = (Knn + σ2I)−1y

Conjugate Gradients Stochastic Gradient Descent

 Linear System of Equationsn
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dℒ(v)

dv
v=v*

= 0

[1] Lin, JA*, Padhy, S.*, Antorán, J.,*, … and Hernández-Lobato, J.M., 2022. Sampling from Gaussian Process Posteriors using Stochastic Gradient Descent. NeurIPS 2023
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SGD works better on most cases



SGD scales much better than CG
• CG has non-monotonic convergence guarantee in  steps
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Spectral Analysis of SGD Behaviour

projui
μf∣y − projui

μSGD
Hk

≤ 4G + 1
η

log N
δ

tλi
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Can we estimate the uncertainties with SGD?

• No, because we can’t solve an inverse with a matrix…

• Can we at least draw samples from the posterior  ?𝒩 (μf∣y, Σf∣y)
• Option 1: Cholesky decomposition

1. Decompose Σ = LLT

2. Draw sample from unit Gaussian, ϵ ∼ 𝒩(0,I)

3. Sample from posterior is μf∣y + Lϵ

• Can we do better?

Σf|y = K** − K⊤
*n(Knn + σ2I)−1Kn*



A Path to More Efficient Sampling [1]

• Let us take another look at multivariate Gaussian distributions (ignore noise)


[(f (X*)
f(X) )] ∼ 𝒩 (0, [(k (X*, X*) k (X*, X)

k (X*, X)⊤ k(X, X) )])

[1] Wilson, J.T., Borovitskiy, V., Terenin, A., Mostowsky, P. and Deisenroth, M.P., 2021. Pathwise conditioning of gaussian processes. The Journal of Machine Learning Research, 22(1), pp.4741-4787.
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SGD scales much better in uncertainty estimates
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Where can we apply this?
• Sequential Decision Making -> Bayesian Optimisation at a fixed compute budget



Where can we improve this?
• We can derive an SGD objective that is much faster and even better-conditioned
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• We can derive an SGD objective that is much faster and even better-conditioned

[1] Padhy, S.*, Lin, J. A.*, Antorán, J.*, Tripp, A., Terenin, A., Szepesvári, C., ... & Janz, D. Stochastic Gradient Descent for Gaussian Processes Done Right. ICLR 2024
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How can we apply this to Deep Learning?

[1] Padhy, S.*, Antorán, J.,*, Barbano, R., Nalisnick, E., … and Hernández-Lobato, J.M., 2022. Sampling-based inference for large linear models, with application to linearised Laplace. ICLR 2023

[2] Padhy, S.*, Liu, J. Z.*, Ren, J.*, Lin, Z., Wen, Y., Jerfel, G., ... & Lakshminarayanan, B. A simple approach to improve single-model deep uncertainty via distance-awareness. JMLR 2023

[3] Adlam, B., Lee, J., Padhy, S., Nado, Z. and Snoek, J., 2023. Kernel Regression with Infinite-Width Neural Networks on Millions of Examples. arXiv preprint

Bayesian Linear Models

Gaussian Processes

Bayesian Neural 
Networks

Spectral Normalised GP [2],

Infinite Width Limits [3]

(NTK, NNGP)

Linearised 
Laplace [1]

Deep Neural Networks

=



Uncertainty in Deep NNs
• Given a neural network  parameterised by 


• We estimate uncertainty in  as uncertainty in the tangent linear model around MAP 








• Turns out       where 

f : ℝd′￼ → ℝm θ ∈ ℝd

f(x) w̄

h(θ, x) = f(w̄, x) + ∇w f(w̄, x)(θ − w̄), θ ∼ 𝒩(0, A−1)

h(θ, x) = MAP solution + J(x)(θ − w̄)

h ∼ GP(0,k) k(xi, xj) = J(xi)T A−1J(xj)

Prior samples h∼GP(0, k) Posterior samples h∼GP(μh|y, kh|y)



Where can we scale this?
• ImageNet-scale [1] ( 


• 2D Computed Tomography [1] ( )


• Large-scale/ill-conditioned regression [2, 3] 

nm = 2B, d = 1.5M)

m = 13k, d = 3M

(n = 2M)

[1] Padhy, S.*, Antorán, J.,*, Barbano, R., Nalisnick, E., … and Hernández-Lobato, J.M., 2022. Sampling-based inference for large linear models, with application to linearised Laplace. ICLR 2023
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Appendix: Linear Models are GPs

yi = ϕ(xi)θ + ηi

yi ∈ ℝm

ϕ(xi) ∈ ℝm×d
θ ∈ ℝd

i ∈ {1,...,n}

θ ∼ 𝒩(0, A−1)
ηi ∼ 𝒩(0, B−1

i )

yi = GP(0,k( . , . )) + ηi

where Knn = Φ⊤A−1Φ


